Exciton-polariton lattices allow to implement topologically protected photonic edge states at optical frequencies. Taking advantage of the interacting character of polaritons, we show that several topological phases, belonging to the Quantum Anomalous Hall family, can occur in polariton graphene with the TE-TM spin-orbit coupling and an effective Zeeman field. This Zeeman field can be entirely controlled by the non-linearity of the macro-occupied mode created by circularly polarized resonant pumping. The topological phases found are distinct from the ones of normal graphene in presence of a combination of Rashba and Zeeman field.
One of the key requirements to implement topological insulator analogs for neutral particles is the creation of either synthetic magnetic fields or a spin-orbit coupling (SOC), a milestone achieved a few years ago in atomic systems [32, 33] . In photonics, several schemes have been proposed and realized, many of them based on a specific lattice design inducing complex hopping from one cite to the other [34] [35] [36] [37] . However, the initial Haldane-Raghu proposal [38] , demonstrated experimentally in several works [17, 18, 20] does not rely on such structural design, but rather on a standard honeycomb or square lattice with band degeneracies at the corners of the Brillouin zone, in which the TR symmetry is broken by the Faraday effect (equivalent to Zeeman splitting). This requires the use of materials with a good magnetic response and limits the experimental realizations to the microwave range. We point out that a Zeeman field alone is not sufficient and that the second key ingredient is the use of the TE and TM nature of the photonic modes, which makes a non-Abelian gauge field for photons [29, 39] emerge at the corners of the Brillouin zone. The two fields combined give a vortical effective field texture which opens a gap with same-sign Berry curvature at all corners of the Brillouin zone [40] .
This combination has been used in the proposals for polariton Chern insulators [24] [25] [26] . The polaritons inherit their Zeeman splitting under magnetic field from the excitonic fraction, which provides a good magnetic activity at optical frequencies [41, 42] . The splitting between the TE and TM polariton modes in planar cavities is well known as a SOC responsible for the optical spin Hall effect [43, 44] and the generation of topologically protected spin currents in polaritonic molecules [45] . The relatively weak TE-TM splitting in planar cavities leads to Chern numbers equal to ∓2, contrary to photonic crystals, where the Chern numbers are typically ±1. Polaritons also behave as a quantum fluid of light [30] . A dense polariton gas with a well defined velocity, phase, and polarization can be resonantly driven by an external laser pump which allows the creation of superfluid flows [46] and generation of half-integer topological defects [47, 48] in these flows. The interactions in such gas are strongly spin-anisotropic [31] which creates a selfinduced Zeeman (SIZ) field in case of a spin population imbalance.
In this manuscript, we demonstrate the full optical control of the band topology in a resonantly driven photonic (polaritonic) lattice, without any applied magnetic field. We show that the topologically trivial band structure becomes non-trivial under resonant circularly polarized pumping at the Γ point of the dispersion. A selfinduced topological gap opens in the dispersion of the elementary excitations. We show that the tuning of the pump intensity allows to go through several topological transitions. We establish a complete phase diagram for this system, demonstrating the inversion of chirality. We compare the case of TE-TM SOC (polariton graphene [49] ) with the Rashba SOC, relevant for atomic lattices and previously considered for normal graphene [8, 50] , analyzing the differences between the phase diagrams.
We begin our consideration with the tight-binding Hamiltonian of polariton graphene:
with the complex coefficients
. This Hamiltonian is a 4-by-4 matrix written in the basis of the sublattice (A/B) pseudospin and of the polarization (+/-) pseudospin. J is the tunneling coefficient between nearest neighbour pillars (A/B) and δJ is the TE-TM SOC (+/-). The TE-TM splitting for guided modes in photonic stuctures is typically quite large, only a specific combination of parameters allows to cancel it locally [37, 51] . It is much weaker for the radiative modes of a planar cavities that we consider here, but not negligible, having led to the observation of a very wide variety of effects in the last decade [31, 44] . A typical dispersion is shown in Fig. 1(a) , and the first Brillouin zone with high symmetry points is shown in Fig. 1(b) .
A coherent macro-occupied state of exciton-polaritons is usually created by resonant optical excitation. This regime is well described in the mean-field approximation [46, 52] . We can derive the driven tight-binding GrossPitaevskii equation in this honeycomb lattice for a homogeneous laser pump F ( = 1).
(2) s is the sublattice index and σ is the spin index. H σ s is the tight-binding Hamiltonian defined above. α 1 and α 2 are the interaction constants between particles with the same and opposite spins respectively. For polaritons, the latter is usually much weaker: |α 2 | α 1 [53, 54] , and we neglect it. F σ s is the pump amplitude. In the following, we consider a homogeneous pump, which implies that its amplitude on A and B pillars is the same. However, the spin projections F 
where ω p is the frequency of the pump mode and γ p is the linewidth. The tight-binding terms f kp of the polariton graphene induce a coupling between the sublattices and polarizations. Note that Eq. (3) is written for an arbitrary pump wave vector k p . In the following, we consider a pump, resonant with the energy of the lower polariton dispersion branch in the Γ point (ω p = −f Γ J = −3J and k p = 0), marked with an arrow in Fig. 1(a) . We compute the dispersion of the elementary excitations using the standard wave function of a weak perturbation (|u|,|v| | Φ p |):
where If the pump is totally circularly polarized, the macrooccupied state is also circularly polarized (n − = 0), and
A SIZ splitting appears due to the spin-anisotropic interactions and to the difference of populations of the two spin components. A simple analytical formula of the k-dependent SIZ splitting between the two lower branches of the graphene dispersion is obtained by neglecting the SOC (δJ = 0):
One of the key difference with respect to the Zeeman field created by an applied magnetic field is the dependence of the SIZ field on the wave vector and energies of the bare modes. This dependence has already been shown to lead to the inversion of the effective field sign at the K point (and thus the inversion of the topology) when both applied and SIZ fields created by a Bose-Einstein condensate are present [29] . [56] versus the same SIZ field at k=0. This SIZ field, which is the blueshift of the "+" spin component, can be calculated as
. When its value is between 0 and the first transition point (approximately 2J, Fig. 1(f) ), a single gap opens at the K points and the valence band Chern number is +2 (Fig.  1(c) ). The gap value at K increases versus α 1 n, but it decreases at the M point, where the gap closes when Ω 2 SI (k M ) + 4δJ 2 = J, as shown in Fig. 1(d) . Increasing the pumping further leads to an immediate reopening of the gap at the M point with the Chern numbers changing values and sign from ∓2 to ±1. When the pumping is increased further and Ω SI becomes of the order of 3J, two additional topological gaps open at the K points, in the middle of the conduction and valence bands respectively ( Fig. 1(e) ), because the Γ point of the upper branch rises above the K point of the lower branch (of the same band). These two new gaps do not open at the same pumping value because of the difference between the SIZ fields in the upper and lower bands. One should notice that in this pumping range the main gap reaches its largest value, of the order of 0.6J, which is about 3δJ. In realistic samples, this means a gap of 0.2-1 meV, quite larger than the linewidth [49] . Increasing the pumping further closes the gap at the Γ point, and then the middle gap becomes trivial.
In order to visualize the dispersion of the surface states, we compute the eigenmodes of a graphene ribbon for two different values of α 1 n (Fig. 2(a),(b) ) corresponding to the values used in Figs. 1(c) and 1(e) respectively. In Fig. 2(a) , there is only one topological gap characterized by a Chern number +2 and hence there are two edge modes on each side of the ribbon. In Fig. 2(b) , we can observe three topological gaps with the Chern number of the top and bottom bands being ±1 respectively. Each of them is characterized by the presence of only one edge mode on a given edge of the ribbon, and the group velocities of the modes are opposite to the previous phase: the chirality is controlled by the intensity of the pump. This inversion, associated with the change of the topological phase (|C| = 2 → 1), is fundamentally different from the one of Ref. [29] , observed for the same phase (|C| = 2). Figure 3(a) shows the complete topological phase diagram versus the SIZ splitting Ω SI in the Γ point and δJ. Each phase is marked by the Chern numbers of the corresponding bands. One should notice that to change the SOC (δJ) one needs to change the structure, while the SIZ field Ω SI can be directly modulated by the pumping intensity. We observe that the closing of the gap at the M point can occur by increasing either δJ or Ω SI . The limit δJ/J ≈ 1 is typical for photonic crystal slabs with large TE-TM SOC, and the topological phase we find with Chern numbers equal to ±1 is qualitatively similar with the Haldane-Raghu phase [38] . A phase diagram similar to Fig. 3(a) can be also obtained by varying an external magnetic field (see [55] ). A qualitative difference between the two situations (SIZ and applied magnetic field) is that the two extra gaps which appear in the valence and conduction bands do not open at the same value of Ω, because of the energy dependence of Ω SI in the resonant pumping case.
We have also calculated a phase diagram for a honeycomb lattice taking into account Rashba SOC (see [55] ), shown in Fig. 3(b) . The two phase diagrams are qualita- tively different. The first transition of the TE-TM SOC is absent for the Rashba SOC, because the trigonal warping of the bare dispersion around K points occurs in different directions, as shown in Fig. 3(c),(d) . In the TE-TM case, the additional Dirac points appear in the K − M directions, allowing them to merge at the M point and disappear ( Fig. 1(d) ). In the Rashba configuration, the additional Dirac points in the K − Γ direction cannot merge, and the only remaining transitions are 2∆ = 3J (branch splitting) and 2∆ = 6J (central gap becomes trivial, its edge states disappear).
One should note that even if the two single particle Hamiltonians allow some comparison, for instance trigonal warping is present in both cases, their physical meanings are different. Honeycomb lattice with Rashba SOC is a typical situation for electrons in graphene [57] , where the Zeeman term, leading to the QAHE, appears generally due to exchange-type interactions [8] and the main tunable parameter is the Rashba SOC λ R . Moreover, to our knowledge, despite several theoretical proposals [8, 50] , the QAHE has not been observed experimentally in graphene yet. In our case, the single particle Hamiltonian describes the artificial polaritonic graphene structure made of coupled optical cavities, and we demonstrate that this model can be extended to describe the weak excitations of a macro-occupied state and hence allow a full optical control of the topologically protected edge states of light. In recent theoretical works [16, 29] , topologically protected Bogoliubov edge modes have also been found in two different driven schemes based on Kagome lattices. Both models neglect the polarization degree of freedom, and, as a consequence, obtain trivial hopping in the linear case. Their topological gap is opened by the bogolon creation mechanism. In our model, the linear band structure is already characterized by non trivial hopping, and the gap is opened by the combination of the SOC and the effective Zeeman field due to spin population imbalance.
To confirm our analytical predictions and to check the possibility of their experimental observation, we perform a full numerical simulation without the tight-binding or Bogoliubov approximations. We solve the spinor GrossPitaevskii equation for polaritons with quasi-resonant pumping with a honeycomb lattice potential U :
where ψ + (r, t), ψ − (r, t) are the two circular components of the wave function, m = 5 × 10 −5 m el is the polariton mass, τ = 30 ps the lifetime. The main pumping term P 0+ is circular polarized (σ + ) and spatially homogeneous, while the 3 pulsed probes are σ − and localized on 3 pillars: 2 on the edges and 1 in the bulk. Results (filtered at the energy of the edge states) are shown in Fig. 4 . As compared with the previously analyzed [24, 29] C = 2 case (a), a larger gap of the C = −1 phase (b) demonstrates a better protection against bulk excitation, a longer propagation distance, and an inverted propagation direction, all achieved by changing the intensity of optical pumping.
Conclusions. We have analyzed the elementary excitations of a honeycomb lattice of micro-pillars with TE-TM SOC, pumped homogeneously at k=0. We have demonstrated that the circularity of the laser implies the open-ing of a topological gap without any external magnetic field. Different phases characterized by topological invariants ∓2 and ±1 are achievable. The topological phase transitions can be observed by varying the pump power, which is the main tunable parameter in experiments.
SUPPLEMENTAL MATERIAL
In this supplemental material, we present analytical results concerning the phase diagram of polariton graphene with applied magnetic field (no optical pumping), extending the case studied in [24] . We also provide more details on the calculations for the non-linear case with TE-TM and Rashba spin-orbit coupling.
Linear approach with an applied magnetic field
In this section, we derive the complete topological phase diagram of the polariton Z topological insulator in the linear regime, under applied magnetic field. This is a simpler case with respect to the main text, but it has the advantage of the existence of analytical solution for each phase transition, as shown below.
We recall the linear Hamiltonian of the polariton Chern (Z) insulator system and study the topological transitions in the linear regime. The tight-binding Hamiltonian can be written as in the main text:
2 is the Zeeman splitting due to the applied external field, the complex coefficients f k and f ± k are defined by:
Due to the presence of the sublattice (A/B) pseudospin and of the polarization spin (+/-) degree of freedom, this Hamiltonian is a 4-by-4 matrix. J is the tunneling coefficient between nearest neighbour micro-pillars (A/B) and δJ is the spin-orbit coupling (+/-). Without magnetic field (∆ = 0), the diagonalization of this Hamiltonian gives 4 branches of dispersion with degeneracies around K and K points (Fig. 5(a),(b) ). We can already distinguish two configurations: δJ/J > 0.5 and δJ/J < 0.5. In the first case, a single degeneracy appears at each K point, leading to the formation of the Dirac cones. When the SOC term is below the critical value of 0.5, the TE-TM splitting leads to trigonal warping, with three additional Dirac cones appearing in the K − M directions. When the magnetic field is switched on, a gap opens between the two upper and the two lower branches (that is, between the "conduction" and the "valence" bands), characterized by a Chern number C = ±2 depending on the direction of the external field. Here, we would like to stress the difference between branches and bands. An energy band (e.g. conduction band) is the ensemble of eigenstates belonging to the same continuum of available energy states (a segment of the energy axis). A band may contain several branches, which can exhibit different values of energy for the same wavevector (e.g. because of spin splitting -Rashba, Dresselhaus, TE-TM, or Zeeman), or they can be completely degenerate.
Then, when either the strength of the magnetic field or the SOC is increased, the gap closes at the M point, and then reopens with the Chern numbers C = ∓1. This topological transition arises from the degeneracy at the M point and is described by the following analytical formula:
When the magnetic field is increased even further, other topological transitions occur at their turn. One is obtained with the opening of two additional gaps between the two lower and two upper branches (in the middle of the "conduction" band and of the "valence" band, correspondingly). This transition arises when the energy of the second branch at the Γ point (the minimum of the 2nd branch) is equal to the energy of the first (the lowest) one at the K point (the maximum of the 1st branch), and thus the system of 2 bands (each containing 2 branches) is split into 4 bands (each containing a single branch). The corresponding formula is:
The transition to the the third topological phase occurs when the middle gap closes at the Γ point for ∆ 3 = 3J. Above this field, the middle gap is trivial but the two other bandgaps are still topological. We compute the Chern numbers of each band for the different topological phases using the standard gaugeindependent and stable technique of [58] .
where the Berry connection A and the associated Berry curvature F are given by:
A complete phase diagram is plotted in Fig. 5(c) as a function of the SOC and the magnetic field with the corresponding band Chern numbers for each phase.
In the two domains in the middle, there is only one topological bandgap characterized by the Chern number of the lower band. At the first transition, the number of edge states passes from 2 to 1, and their group velocities are inverted (due to the sign inversion of the Chern numbers). After the second transition, in the yellow and green domains, the two additional gaps are topological too. Indeed, the presence of topologically protected edge modes is defined by the sum of the Chern numbers of all the bands below the bandgap in consideration (C = i=1 C n ) [56] . By using this argument and looking on the Chern numbers, we can understand that the middle gap becomes trivial in the the fourth phase domain after the band degeneracy occurs and then is lifted at Γ point. In the same way, we can see that the two other gaps are still topological.
These results show that if δJ = 0, there always exists at least one topological gap in the band structure when an external magnetic field is applied. The typical SOC term for exciton-polaritons system is relatively weak and is below δJ = 0.5. However, this term cannot vanish since it comes from the TE-TM splitting, a physical phenomenon present in every photonic structure.
Rashba spin-orbit coupling
In the main text, we compare the phase diagrams with TE-TM and Rashba SOCs (Fig. 3(a,b) ), with the latter calculated in the linear regime. Here, we present the details of this calculation. Replacing the TE-TM term by the Rashba coupling, we obtain a tight-binding Hamiltonian for electrons in graphene [57] :
The difference with the TE-TM SOC is in the definition of the g ± k coefficients, which exhibit a single winding for the Rashba SOC, contrary to the double winding of the TE-TM SOC:
The total Hamiltonian is hermitian but we can notice that a i appears in the off-diagonal blocks G k . In electronic systems, the Zeeman term appears generally due to exchange-type interactions [8] and doesn't need an external magnetic field. In this configuration, the main experimentally tunable parameter is the strength of the Rashba SOC λ R , which can be changed by depositing graphene on a substrate or by applying an external electric field.
As an illustration, we plot the spin textures of the first branch of the dispersion in Fig. 6 , where panel (a) corresponds to the Rashba SOC, while panel (b) -to the TE-TM SOC. We can see the difference of the in-plane spin winding number around Γ (w R = 1 for Rashba and w T E−T M = 2 for TE-TM SOC). However, in both cases the winding numbers around the K and K points are equal to 1. The topological character of this Hamiltonian with the appearance of the Quantum Anomalous Hall effect, associated with Chern numbers ±2 due to the additivity of the K and K contributions to the Berry curvature, have already been suggested in Ref. [8] . Moreover, as shown in the main part, a trigonal warping occurs near the K points of the dispersion for Rashba SOC, as well as for the TE-TM SOC. However, we point out that this trigonal warping appears in the K − Γ direction for the Rashba SOC, whereas it occurs in the K − M direction for the TE-TM SOC. This difference has important consequences on the topological phase diagram, suppressing one of the phase transitions for the Rashba case: the transition associated with the merging of the additional K points at the M point doesn't exist in the electronic configuration with Rashba SOC. Hence, by looking on the phase diagram, we can see that the main gap (medium gap) closes only at 2∆/J = 6. Below this transition, the main gap is characterized by the presence of 2 edges modes whereas above the transition, the gap becomes trivial.
The diagonal elements are defined by:
The Bogoliubov eigenenergies are finally obtain by diagonalizing this 8 by 8 matrix.
In the expression for the self-induced field Ω SI (Γ) = √ 3α 1 n/2 the factor 1/2 comes from the presence of two sublattices and the √ 3 appears from resonant pumping, as compared with a blue shift of an equilibrium condensate µ = αn.
